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Lattice results on the N to ∆ electromagnetic, axial-vector and pseudoscalar
form factors are evaluated using dynamical staggered sea quarks and domain
wall valence quarks for pion masses in the range of 580-350 MeV, as well as,
dynamical and quenched Wilson fermions for similar pion masses.
Keywords: Lattice QCD, Form factors, Nucleon Resonances
1. Introduction
State-of-the-art lattice QCD calculations can yield model independent re-
sults on N to ∆ transition form factors, thereby providing direct comparison
with experiment. One such example is the N to ∆ quadrupole form factors
that have been accurately measured in a series of recent experiments at
low [1,2] and high momentum transfers [3]. They encode information on
the deformation of the nucleon and ∆. We present results on these N to ∆
electromagnetic form factors, as well as on the dominant axial-vector N to
∆ transition form factors CA5 (q
2) and CA6 (q
2). Experiments using electro-
production of the ∆ resonance are in the progress [4] to measure the parity
violating asymmetry in N to ∆, which, to leading order, is connected to
CA5 (q
2). Evaluation of the pseudoscalar πN∆ form factor, GπN∆(q
2), fol-
lows once the N to ∆ sequential propagators are computed. In addition, we
evaluate the nucleon axial-vector form factors and the πNN form factor,
GπNN (q
2). Having both the nucleon and the N to ∆ form factors allows us
to discuss ratios of form factors that are expected to show weaker quark
mass dependence and be less sensitive to other lattice artifacts. Further-
more, knowledge of the axial-vector form factors and the πNN and πN∆
form factors allows us to check the Goldberger-Treiman relations.
The light quark regime is studied in two ways: Besides using configura-
tions with two degenerate flavors of dynamical Wilson fermions we use a
hybrid combination of domain wall valence quarks, which have chiral sym-
metry on the lattice, and MILC configurations generated with three flavors
of staggered sea quarks using the Asqtad improved action [5].
2. Lattice Techniques
Observables in lattice QCD are given by the vacuum expectation value of
gauge invariant operators in Euclidean time:
< Ω|Oˆ|Ω >= 1
Z
∫
d[U ]d[ψ¯]d[ψ] O[U, ψ¯, ψ]e−Sg[U ]−SF [U,ψ¯,ψ] (1)
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Integrating over the fermionic degrees of freedom we obtain
< Ω|Oˆ|Ω >= 1
Z
∫
d[U ] det(D[U ])O[U,D−1[U ]]e−Sg[U ] (2)
where D−1jn [U ] substitutes each appearance of −ψ¯nψj in the operator and
describes valence quarks whereas det(D[U ]) corresponds to sea quarks. The
path integral over the gauge fields is done numerically by stochastically
generating a representative ensemble of gauge configurations according to
the probability
P [U ] =
1
Z
exp {−Sg[U ] + ln (det(D[U ]))} . (3)
In this work, besides Wilson fermions for the sea and valence quarks, we use
staggered sea quarks (det(Dstaggered[U ])) and domain wall valence fermions
(D−1DW[U ]). The expectation values are obtained by summing over the U -
ensemble: < Ω|Oˆ|Ω >= limN→∞ 1N
∑N
k=1O[U
k, D−1[Uk]].
The evaluation of form factors involves taking numerically the Fourier
transform of two- and three-point functions with respect to momentum
transfer which, on a finite box of spatial length L, takes discrete values in
units of 2π/L. For large values of momentum transfer the results become
noisy and therefore we are limited up to Q2 ≡ −q2 ∼ 2 GeV2. To ensure
that finite volume effects are kept small we take box sizes such that Lmπ
>∼
4.5, where mπ is the pion mass
a. In addition, discretization errors due
to the finite lattice spacing a must be checked. Wilson fermions have O(a)
discretization errors and staggered fermions with Asqtad action and domain
wall fermions (hybrid approach) have O(a2) errors. Therefore agreement
between results in these two approaches provides an indication that cut-off
effects are under control. Finally, we use larger bare u- and d -quark masses
than physical and extrapolation to the chiral limit must be considered.
Form factors are extracted from three-point func-
tions, G∆JN (t2, t1;q) =< Ω|
∑
x1,x2
eiq.x1 Tˆ Jˆh˜(x2, t2)Jˆ(x1, t1)Jˆ
†
h(0)|Ω >,
shown in the diagram below:
(~x2, t2)
∆ (~p′)
(~x1, t1)
(0, 0)
N (~p)
~q = ~p′ − ~p
Jµ
Interpolating fields for N and ∆ are:
Jp(x) = ǫabc[uTa(x)Cγ5d
b(x)]uc(x),
J∆
+
σ (x) =
1√
3
ǫabc{2[uTa(x)Cγσdb(x)]uc(x)
+ [uTa(x)Cγσu
b(x)]dc(x)}
In all cases we apply Gaussian smearing at the source and sink. In the
aOne exception is in the case of dynamical Wilson fermions at the smallest pion mass
for which Lmpi = 3.6 as marked in the Table.
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case of unquenched Wilson fermions HYP-smearing is applied to the gauge
links used in the Gaussian smearing of the source and sink. In the case
of domain wall fermions we use HYP-smeared MILC configurations in all
computations. We carry out sequential inversions by fixing the quantum
numbers at the sink and source, which means that the sink time t2 is
fixed, whereas the insertion time t1 can vary and any operator can be
inserted at t1. In this work we consider the vector current, j
a
µ = ψ¯γµ
τa
2 ψ,
the axial-vector current, Aaµ = ψ¯γµγ5
τa
2 ψ and the pseudoscalar current,
P a = ψ¯iγ5
τa
2 ψ, where τ
a are Pauli matrices acting in flavor space. All
~x1 and ~x2 are summed over and we vary t1 in search for a plateau. The
exponential time dependence and unknown overlaps of the interpolating
fields with the physical states cancel by dividing the three-point function
with appropriate combinations of two-point functions [6].
The lattice parameters that we use are given in the Table.
Wilson fermions
number of confs κ mπ (GeV) mN (GeV)
Quenched 323 × 64, β = 6.0, a−1 = 2.14(6) GeV (a = 0.09 fm) from nucleon mass at chiral limit
200 0.1554 0.563(4) 1.267(11)
200 0.1558 0.490(4) 1.190(13)
200 0.1562 0.411(4) 1.109(13)
κc =0.1571 0. 0.938(9)
Unquenched [7] 243 × 40,β = 5.6, a−1 = 2.56(10) GeV (a = 0.08 fm)
185 0.1575 0.691(8) 1.485(18)
157 0.1580 0.509(8) 1.280(26)
Unquenched [8] 243 × 32,β = 5.6, a−1 = 2.56(10) GeV
200 0.15825 0.384(8)← Lmπ = 3.6 1.083(18)
κc = 0.1585 0. 0.938(33)
Hybrid scheme a−1 = 1.58 GeV (a = 0.125 fm) from MILC collaboration
number of confs Volume (amu,d)
sea (ams)
sea (amq)
DW mDWπ (GeV) mN (GeV)
150 203 × 64 0.03 0.05 0.0478 0.589(2) 1.392(9)
198 203 × 64 0.02 0.05 0.0313 0.501(4) 1.255(19)
100 203 × 64 0.01 0.05 0.0138 0.362(5) 1.138(25)
150(300 for CMR) 283 × 64 0.01 0.05 0.0138 0.354(2) 1.210(24)
3. N to ∆ electromagnetic form factors
The N to ∆ matrix element of the electromagnetic current can be decom-
posed into a dominant magnetic dipole, GM1, and two suppressed electric
and Coulomb quadrupole form factors, GE2 and GC2. A non-zero GE2 and
GC2 signal a deformation in the nucleon and/or ∆. Precise experimental
data on the quadrupole to dipole ratios, REM (EMR) = − GE2(q
2)
GM1(q2)
, and
RSM (CMR) = − |~q|2m∆
GC2(q
2)
GM1(q2)
, suggest deformation of the nucleon/∆ [9].
In Fig. 1 we show the EMR and CMR ratios for the smallest pion mass
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Fig. 1. The EMR (left) and CMR (right) for the lightest pion mass in our three type
of simulations.
in the quenched case, for two dynamical flavors of Wilson fermions and
in the hybrid approach. For the first time in full QCD, we achieve good
enough accuracy to exclude a zero value for these ratios. Furthermore, at
low Q2, unquenched results become more negative bringing lattice results
closer to experiment and showing the importance of the pion cloud effects
at small Q2.
Fig. 2. Magnetic dipole form factor G∗m,
in the Ash parameterization: G∗m =
1r
1+
Q2
(mN+m∆)
2
GM1.
In Fig. 2 we show lattice results
for G∗m for Wilson fermions and in
the hybrid approach as well as ex-
perimental results. At low Q2 lat-
tice results are below experiment for
the pion masses considered here. It
remains an open question whether
extrapolation to the physical pion
mass can bridge the gap between
lattice and experiment.
4. Nucleon and N to ∆ axial-vector form factors
In the case of Wilson fermions, besides N to ∆ we also calculate the nucleon
axial-vector form factors. The LHP collaboration [10] has evaluated these
form factors in the hybrid approach with the same parameters as those
used in our N to ∆ study and therefore, in this case, we use their results to
compare. The nucleon axial- vector form factors GA and Gp are given by
〈N(p′)|A3µ|N(p)〉 = i
s
m2N
EN (p′)EN (p)
u¯(p′)
"
GA(q
2)γµγ5 +
qµγ5
2mN
Gp(q
2)
#
τ3
2
u(p)
(4)
Since the final state is no longer the ∆ a new set of sequential inversions is
needed. The decomposition of the N to ∆ matrix element of the axial-vector
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current can be written in terms of four transition form factors [11]:
< ∆(p′, s′)|A3µ|N(p, s) > = i
r
2
3
r
mNm∆
E∆(p′)EN (p)
u¯
λ
∆+(p
′
, s
′)
»
C
A
5 (q
2)gλµ
+
CA6 (q
2)
m2N
qλqµ +
 
CA3 (q
2)
mN
γ
ν +
CA4 (q
2)
m2N
p
′ν
!`
gλµgρν − gλρgµν
´
q
ρ
–
uP (p, s)(5)
Under the assumptions that CA3 ∼ 0 and CA4 ≪ CA5 the parity violating
asymmetry is proportional to the ratio CA5 /C
V
3 [12], where C
V
3 can be
obtained from the electromagnetic N to ∆ transition.
Fig. 3. Parity violating asymmetry.
As shown in Fig. 3, the asymmetry is
non-zero when Q2 = 0 [6], increases
with Q2 up to about Q2 ∼ 1.5 GeV2
and shows small unquenching effects
for this range of quark masses. Given
this weak quark mass dependence,
the results can be taken as a predic-
tion for the ratio to be measured by
the G0 collaboration [4].
4.0.1. Goldberger-Treiman relations
Partial conservation of axial current (PCAC), ∂µAaµ = fπm
2
ππ
a, and the
axial Ward Identity, ∂µAaµ = 2mqP
a, relate the pion field πa with the
pseudoscalar density: πa =
(
2mqP
a/fπm
2
π
)
, where the pion decay constant
fπ is determined from the two-point function < 0|Aaµ|πb(p) >= ipµδabfπ.
The renormalized quark mass, mq, is given by mq =
mpi<0|A˜
a
0 |π
a(0)>
2<0|P˜a|πa(0)>
, where
A˜a0 and P˜
a are the renormalized currents. To obtain the πNN and πN∆
form factors we use the decomposition
2mq〈N(p
′)|P 3|N(p)〉 = i
s
m2N
EN (p′)EN (p)
fπm
2
π GπNN (q
2)
m2π − q2
u¯(p′)γ5
τ3
2
u(p)
2mq〈∆(p
′)|P 3|N(p)〉 = i
r
2
3
r
m∆mN
E∆(p′)EN (p)
fπm
2
π GπN∆(q
2)
m2π − q2
u¯
ν
∆+(p
′)
qν
2mN
uP (p)
PCAC relates the axial form factors GA and Gp with GπNN and equiv-
alently CA5 and C
A
6 with GπN∆. These are the well known generalized
Goldberger-Treiman relations (GTRs). As mentioned above there are ad-
vantages in considering ratios. In Fig. 4 we show two such ratios, namely
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GπN∆/GπNN and 2C
A
5 /GA. Both are independent of Q
2 and the quark
mass. Fitting to a constant we find 2CA5 /GA ∼ 1.6 ∼ GπN∆/GπNN , which
implies the Goldberger-Treiman relations: GπNN (q
2) fπ = mNGA(q
2) and
GπN∆(q
2) fπ = 2mNC
A
5 (q
2). Assuming pion-pole dominance we can write
Gp(Q
2) =
4m2N/m
2
pi
1+Q2/m2pi
GA(Q
2) and CA6 (Q
2) =
m2N/m
2
pi
1+Q2/m2pi
CA5 (Q
2). Therefore
we have the equality 8CA6 (Q
2)/Gp(Q
2) = GπN∆/GπNN . We find that
8CA6 (Q
2)/Gp(Q
2) ∼ 1.7 [13] a few percentage larger than GπN∆/GπNN .
Fig. 4. The ratios GpiN∆/GpiNN (left) and 2C
A
5 /GA (right).
Fig. 5. The nucleon axial form factors GA (top, left) and Gp (bottom, left) and the N
to ∆ axial form factors CA5 (top, right) and C
A
6 (bottom, right).
In Fig. 5 we present the nucleon and N to ∆ axial form factors separately
together with fits of GA and C
A
5 to a dipole form, g0/(
Q2
m2
A
+1)2. Dynamical
QCD results in the hybrid approach for the smallest pion mass, where we
can access low Q2 values, show large unquenching effects. Having fitted GA
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and CA5 , we can check if pion-pole dominance describes the Q
2-dependence
of Gp and C
A
6 . The dashed lines correspond to the quenched data and show
the behavior for Gp and C
A
6 extracted from fits to GA and C
A
5 assuming
pion-pole dominance, whereas the dotted line shown for CA5 is for the hybrid
approach, in both cases for the lightest pion mass. As can be seen, they
deviate from the lattice results at low Q2. Instead they are best described
by the solid curves, which are obtained by fitting the pole mass.
Fig. 6. Left: The ratios RNN (top) and RN∆ (bottom) and right: GpiNN (top) and
GpiN∆ (bottom) for the smallest pion mass in each type of simulation.
In Fig. 6 we show the relations
RNN ≡
4mNfπG
∗
πNN (Q
2)
m2πGp(Q2)
, RN∆ ≡
mNfπG
∗
πN∆(Q
2)
2m2πC
A
6 (Q
2)
, (6)
where we have defined G∗πNN (Q
2) ≡ GπNN (Q2)/(1 + Q2/m2π) with a cor-
responding expression for G∗πN∆. As can be seen these ratios are con-
sistent with unity for all Q2-values. Finally, in Fig. 6 we show GπNN
and GπN∆ for the smallest pion mass. The dash lines are obtained from
fits of GA and C
A
5 via the GTRs, GπNN (Q
2) = mNGA(Q
2)/fπ and
GπN∆(Q
2) = 2mNC
A
5 (Q
2)/fπ. As can be seen, there are large devia-
tions at small Q2. Lattice results at this pion mass give a smaller value
in the limit Q2 → 0 than what is extracted from experimental data namely,
GπNN (0) = 13.21(11) [14]. The solid lines are fits to the form
(
1−∆ Q2m2pi
)
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with a,∆ fit parameters. Using these fits GπNN (0) and GπNN (0) are ex-
tracted (for details see Ref. [13]).
5. Conclusions
Lattice results on the electromagnetic, axial-vector and pseudoscalar form
factors for the nucleon and the N to ∆ transition are presented in the
quenched approximation, for two-flavors of dynamical Wilson fermions and
using dynamical staggered sea quarks and domain wall valence quarks (hy-
brid approach). Results on the quadrupole to dipole ratios EMR and CMR,
obtained in the hybrid approach reaching down to a pion mass of 350 MeV
and low Q2-values, are non-zero and of similar magnitude as in experiment.
We also find that ratios of form factors, such as GπN∆/GπNN ∼ 1.6 and
2CA5 /GA ∼ 1.6, calculated using Wilson fermions, are in agreement with
phenomenology. Our results for the ratio CA5 /C
V
3 as a function of Q
2, can
be regarded as a lattice prediction for the parity violating asymmetry to
leading order. The deviations from experiment seen for the magnetic dipole
N-∆ transition form factor G∗m and the values of GπNN and GπN∆ in the
limit Q2 → 0 need further study. In particular, finite lattice spacing ef-
fects, as well as, chiral extrapolation to the physical pion mass must be
investigated.
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